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Abstract: In this study, the authors investigate average capacity of free space optics communication over Málaga atmospheric
turbulence channel with pointing errors and path loss, for intensity modulated/direct detection (IM/DD) and heterodyne
detection. Various algorithms which use adaptive transmission with both types of detection are considered, such as: optimal rate
adaption (ORA), optimal power and rate adaption (OPRA), channel inversion with fixed rate (CIFR) and truncated channel
inversion with fixed rate (TIFR). Analytical closed-form expressions for channel capacities of ORA, OPRA and TIFR adaptive
transmission are presented, and the authors prove that CIFR transmission is not feasible in the strict sense for the conditions
considered. Obtained analytical results are numerically evaluated and graphically presented for different strengths of
atmospheric turbulence (in weak, moderate and strong turbulence regime) for both types of detection (IM/DD and heterodyne),
and for considered algorithms of adaptive transmission (ORA, OPRA and TIFR). The authors have developed expressions
suitable for approximating high signal-to-noise ratio channel capacity, and they graphically present and compare the asymptotic
approximations with the obtained analytical results for different strengths of turbulence for both types of detection. Also,
obtained analytical results were confirmed by Monte-Carlo simulations, and graphically compared for different strengths of
turbulence regimes.

1 Introduction
The study of wireless optical systems is generally a
multidisciplinary undertaking involving a wide range of areas
including: optical design, optoelectronics, channel modelling,
communications and information theory, modulation and
equalisation, wireless optical network architectures among many
others [1]. The transport capabilities of optical communication
systems have increased tremendously in the past two decades,
primarily due to advances in optical devices and technologies, and
have enabled the Internet as we know it today with all its impacts
on the modern society [2].

Free space optics (FSO) links are considered as a viable
solution for various applications because of the following
properties [2–4]:

• the high-directivity of the optical beam provides high power
efficiency and spatial isolation from other potential interferers,
which is not inherent in RF/microwave communications,

• FSO transmission is unlicensed,
• the large fractional-bandwidth coupled with high optical gain

using moderate powers permits very high data rate transmission,
• FSO links are relatively easy to install and easily accessible for

repositioning when necessary.

Channel capacity is a fundamental measure of the maximum
amount of information which can be conveyed through a channel
reliably. Shannon's discovery that it was possible to have arbitrarily
reliable communication at non-zero rates revolutionised
communication system design practices and established the areas
of information theory and error control coding [1, 5]. The capacity
depends on the specific channel model and on the given input
constraints [2].

Unlike RF communication, FSO requires a direct line of sight
between the transmitter and the receiver. Atmospheric effects, such
as rain, snow and fog, will affect the FSO link performance by
means of scattering and absorption of light, effectively attenuating
the received signal. During transmission, the transmitted FSO
signal is also exposed to various effects such as atmospheric
turbulence and misalignment between the transmitter and receiver
(pointing error). The impact of these effects on free space optical
system performance are explained in [6–8]. One of the more
effective ways to reduce the impact of these detrimental effects is
the use of adaptive transmission. Adaptive transmission is based on
the receiver's estimation of the channel and feedback of the channel
state information to the transmitter. The transmitter then adapts the
transmit power level, symbol/bit rate, constellation size, coding
rate/algorithms or any combination of these parameters in response
to the changing channel conditions [9].

Málaga model represents a general model of atmospheric
turbulence [10], covering other less general models such as K
turbulence model, HK turbulence model, gamma and gamma-
gamma turbulence models, exponential-Weibull turbulence models
and so on. System performance for outage probability (Pout),
symbol error rate, bit error rate (BER) over Málaga atmospheric
turbulence channel are given in [11–13]. Also, BER for different
modulation schemes over Málaga atmospheric turbulence model is
presented in [14]. Diversity is a widely used and efficient technique
for improving performance of communication systems. System
performance for outage probability and BER when using different
diversity techniques are given in [15–18].

Channel capacity represents one of the most important system
performance measures. Ergodic capacity for lognormal, Rician-
lognormal, Málaga and gamma-gamma atmospheric turbulence
channel are given in [13, 19, 20]. Average capacity of optical
wireless communication systems over I-K atmospheric turbulence
channels without pointing error is given in [21]. Channel capacity
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for different atmospheric turbulence strengths is investigated in
[22]. Capacity analysis of atmospheric turbulence channel with
pointing errors is presented in [23]. Algorithms for adaptive
transmission over gamma-gamma atmospheric turbulence channel
are explained in [24–26].

It is worthy to note that intensity modulation/direct detection
(IM/DD) is the main mode of detection in FSO systems, but
coherent detection has also been proposed as an alternative
detection mode. Among the two detection types, heterodyne
coherent detection represents a method that is more complicated,
but has the ability to better overcome the receiver thermal noise
effects [13, 27], and therefore achieve better performance.

Motivated by this short review of existing results, we proceed to
investigate average capacity of FSO communication over Málaga
atmospheric turbulence channel with pointing error and path loss
for both proposed types of detection, IM/DD and heterodyne. Also,
various algorithms for adaptive transmission, such as: constant
power rate adaption (ORA), optimal power rate adaption (OPRA),
channel inversion with fixed rate (CIFR) and truncated channel
inversion with fixed rate (TIFR) for both types of detection will be
considered. Analytical closed-form expressions for ORA, OPRA
and TIFR adaptive transmission algorithms will be derived.
Obtained results are confirmed by Monte-Carlo simulations, and
are further discussed for different turbulence strengths and types of
detection. Also, we derive asymptotic high signal-to-noise ratio
(SNR) approximations for channel capacity expressions and
compare them graphically with analytical results.

2 System model
We consider an FSO system with constant transmitted power than
can be adjusted according to adaptive transmission requirements.
During transmission, the transmitted signal is exposed to various
effects such as: atmospheric turbulence, scintillation, misalignment
between the transmitter Tx  and receiver Rx , i.e. pointing error,
and path loss, as shown in Fig. 1. All of these effects affect the
system performance. To maintain a target data rate, the received
SNR should not be less than a predetermined cut-off level denoted
by g0. When the current SNR at the receiver of the FSO link,
denoted by g, falls below the cut-off level g0, the FSO link cannot
support the high data rate transmission. In this case, the receiver
sends a feedback signal to the transmitter so that the transmitter
increases its power and thus maintains the reliability of the link. 

2.1 Atmospheric turbulence model

Málaga model represents a general model of atmospheric
turbulence [10]. In this paper, we consider the case of Málaga
atmospheric turbulence model with integer β [11], which can be
expressed as

f a(Ia) = A ∑
k = 1

β
akIa

α + k
2 − 1Kα − k 2 αβIa

γβ + Ω′ (1)

where

A ≜ 2α
α
2

γ1 + α
2Γ(α)

γβ
γβ + Ω′

β + α
2

(2)

ak ≜ β − 1
k − 1

γβ + Ω′ 1 − k
2

(k − 1)!
Ω′
γ

k − 1 α
β

k
2 (3)

There is also the case of Málaga atmospheric turbulence model
with real β [12], but it will not be considered here. Parameters α
and β represent the effective numbers of large-scale and small-
scale cells, respectively, and can be related to the atmospheric
conditions. The parameters are expressed as

α = exp 0.49σR
2

1 + 1.11σR
12/5 7/6 − 1

−1

(4)

β = exp 0.51σR
2

1 + 0.69σR
12/5 5/6 − 1

−1

(5)

where plane wave propagation and zero inner scale is assumed
[28]. γ = 2b0(1 − ρ) denotes the average power of the scattering
component received by off-axis eddies, 2b0 is the average power of
the total scatter components, parameter 0 ≤ ρ ≤ 1 represents the
amount of scattering power coupled to the line-of-sight (LOS)
component, Ω′ = Ω + 2b0ρ + 2 2b0ρΩcos(θA − θB) symbolises the
average power through the coherent advantages, Ω is the regular
power of the LOS aspect, θA − θB  are the deterministic levels of
the LOS and also the coupled-to-LOS spread terms, respectively
[11]. σR

2  represents the Rytov variance and is used as a metric of
turbulence strength. It is expressed by

σR
2 = 1.23Cn

2k7/6L11/6 (6)

where k = 2π /λ is the wave number, λ is the wavelength, L is the
propagation distance and Cn

2 is the refractive index structure
parameter, which typically varies from 10−17m−2/3 to 10−13m−2/3 as
turbulence strength varies from weak to strong [29].

2.2 Path loss

Path loss, Il, can be described by the exponential Beers-Lambert
laws as

Il(L) = e−σL (7)

where L denotes the propagation distance and σ is the attenuation
coefficient.

2.3 Pointing error

Pointing errors also affect the transmission performance. In case of
zero boresight pointing error, Ip, the following model is used [1]:

f Ip(Ip) = ξ2

A0
ξ2 Ip

ξ2 − 1, 0 ≤ Ip ≤ A0 (8)

where ξ = ωLeq/2σs is the ratio between the equivalent beam radius
at the receiver ωLeq and the pointing error displacement standard
deviation at the receiver σs. A0 = erf(v) 2 is the fraction of the
collected power where v = πa/ 2ωLeq with erf( ⋅ ) denoting the
error function, where as the square of the equivalent beam width is
given by

ωLeq
2 = ωL

2 π erf(v)
2ve−v2 (9)

3 Probability density function (PDF)
Combining the atmospheric turbulence model, pointing error and
path loss, we get PDF of instantaneous SNR at the receiver for
IM/DD and heterodyne detection. Closed-form expression for PDF

Fig. 1  Model of FSO communication system with adaptive transmission
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for Málaga atmospheric turbulence model with pointing error and
path loss is given in [13] for integer β

f g g = ξ2A
2rg

∑
k = 1

β
ak

γβ + Ω′
αβ

α + k
2

× G1, 3
3, 0 η g

1
r

ξ2 + 1
ξ2, α, k

(10)

where

η = αβκ γ + Ω′

cμ
1
r γβ + Ω′

(11)

Parameter r determines the type of detection technique (r = 1 for
heterodyne detection and r = 2 for IM/DD) and c denotes a
constant term such that c = 1 for heterodyne detection and
c = e/2π for IM/DD [13]. The received instantaneous SNR is
defined as

g = 2PtRI 2

2σn
2 (12)

where σn
2 denotes additive white Gaussian noise, and I represents

the irradiance I = IaIlIp. Average electrical SNR can be defined as

μ = 2PtR 2

2σn
2 E[I2] (13)

where E[ . ] is the statistical expectation. Average electrical SNR
from equation (13) can be determined as [30]

μ = 2PtR 2

2σn
2 A0

2Il
2κ2 γ + Ω′ 2 (14)

4 Channel capacity
Channel capacity is one of the most important concerns in the
design of wireless systems, as it determines the maximum
attainable throughput of the system. It can be defined as the
average transmitted data rate per unit bandwidth, for a specified
average transmit power, and specified level of received outage or
BER [31].

Adaptive transmission techniques represent a viable solution for
reducing the influence of atmospheric turbulence, misalignment
and path loss to propagation of transmitted signal. This is achieved
by adapting basic parameters of the transmitted signal. The main
advantage of the adaptive transmission is that it provides
opportunity to attain higher spectral efficiency within the channel
bandwidth.

In this section, capacity for various adaptive transmission
algorithms (ORA, OPRA, CIFR and TIFR) will be derived.
Analytical expressions in closed-form will be given for proposed
algorithms with IM/DD and heterodyne detection.

4.1 Optimal rate adaption

With ORA algorithm, the transmitter adapts its rate only, while
maintaining a fixed power level. Thus, this algorithm can be
implemented at reduced complexity. Channel capacity ⟨C⟩ora
[bits/s] with constant transmission power policy is given by [31]

⟨C⟩ora = B∫
0

∞
log2 1 + g f g g dg (15)

where B denotes bandwidth required for transmission in [Hz].

By rewriting ln 1 + g  as a Meijer's G-function G2, 2
1, 2 g

1, 1
1, 0

using equation (8.4.6/5) from [32], and substituting the identity and
(10) into (15), we get the following expression:

⟨C⟩ora
B = 1

2r ∑
k = 1

β
bk∫

0

∞
g−1G2, 2

1, 2 g
1, 1
1, 0

× G1, 3
3, 0 η g

1
r

ξ2 + 1
ξ2, α, k

dg
(16)

For IM/DD, the integral from previous expression is solved by
using equation (2.24.1/1) from [32], while for heterodyne
detection, the integral from expression (16) is solved by using
equation (07.34.21.0013.01) from [33]. By applying these solutions
we obtain the closed-form expressions for ORA adaptive
transmission algorithm

⟨C⟩ora
B Het

= 1
2 ∑

k = 1

β
bkG3, 5

5, 1 η
0, 1, ξ2 + 1
ξ2, α, k, 0, 0

(17)

⟨C⟩ora
B DD

= 2α

16π ∑
k = 1

β
2kbkG4, 8

8, 1 η2

16
Ξora

Θora
(18)

where Θora = { ξ2

2 , ξ2 + 1
2 , α

2 , α + 1
2 , k

2 , k + 1
2 , 0, 0}, and

Ξora = {0, 1, ξ2 + 1
2 , ξ2 + 2

2 }, and

bk = ξ2A
ln 2 ak

γβ + Ω′
αβ

α + k
2 (19)

Equations (17) and (18) can be approximated for high SNR
values by using equation (46) as explained in Appendix 3. Results
of approximation of these expressions are presented in Figs. 2–7. 

4.2 Optimal power and rate adaption

In the OPRA algorithm, the power level and rate parameters vary
in response to the changing channel conditions. With this adaptive
transmission policy, more power and higher data rates are allocated
when the channel condition is good, and the transmission is
terminated when the received SNR falls below a cut-off level g0.
OPRA is not suitable for all applications because there are some
applications that require fixed rate. Channel capacity for OPRA
adaptive algorithm is given as [31]

⟨C⟩opra = B∫
g0

∞
log2

g
g0

f g g dg (20)

Cut-off level must satisfy condition

∫
g0

∞ 1
g0

− 1
g f g g dg = 1 (21)

Fig. 2  Capacity for adaptive transmission algorithms over weak
turbulence for IM/DD
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Expression (20) can be represented as

⟨C⟩opra
B = 1

ln 2(I1 − I2) (22)

where I1 = ∫g0
∞ln g f g g dg and I2 = ∫g0

∞ln g0 f g g dg. After
solving integrals I1 and I2, as derived in Appendix 1, and

substituting into (22), we obtain ⟨C⟩opra for both types of detection,
heterodyne and IM/DD

⟨C⟩opra
B Het

= − ∑
k = 1

β
bk G3, 5

4, 1 ηg0
1, ξ2 + 1, 1
0, ξ2, α, k, 0

+ln g0 G2, 4
3, 1 ηg0

1, ξ2 + 1
ξ2, α, k, 0

+ln g0 G2, 4
4, 0 ηg0

ξ2 + 1, 1
0, ξ2, α, k

(23)

⟨C⟩opra
B DD

= − ∑
k = 1

β
bk G3, 5

4, 1 ηg0
1, ξ2 + 1, 1
0, ξ2, α, k, 0

+ln g0 G2, 4
3, 1 ηg0

1, ξ2 + 1
ξ2, α, k, 0

+ ln g0

16π 2α + kG3, 7
7, 0 η2

16g0
Ξopra

Θopra
,

(24)

where

Θopra = ξ2

2 , ξ2 + 1
2 , α

2 , α + 1
2 , k

2, k + 1
2 , 0 and Ξopra =

ξ2 + 1
2 , ξ2 + 2

2 , 1 .

Fig. 3  Capacity for adaptive transmission algorithms over weak
turbulence for heterodyne detection

 

Fig. 4  Capacity and capacity approximation for adaptive transmission
algorithms over moderate turbulence for IM/DD

 

Fig. 5  Capacity and capacity approximation for adaptive transmission
algorithms over moderate turbulence for heterodyne detection

 

Fig. 6  Capacity and simulation results for adaptive transmission
algorithms over strong turbulence for IM/DD

 

Fig. 7  Capacity and simulation results for adaptive transmission
algorithms over strong turbulence for heterodyne detection
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Equations (23) and (24) can be approximated for high SNR
values using Appendix 3. Results of approximation of these
expressions are presented in Figs. 2–7.

4.3 Channel inversion with fixed rate

Under this adaptive transmission algorithm, the transmitter adapts
the transmit power according to the channel effects state in order to
maintain a constant SNR at the receiver, i.e. inverts the channel
effects while maintaining a constant transmission rate. CIFR
algorithm generally achieves what is known as the outage capacity
of the system; that is the maximum constant data rate that can be
supported for all channel conditions with some probability of
outage [24, 31]

⟨C⟩cifr = Blog2 1 + 1
∫0

∞g−1 f g g dg
(25)

After detailed inspection and calculation it was determined that
the integral from expression (25) diverges and CIFR → 0.
Regardless of the strength of atmospheric turbulence, the CIFR
adaptive transmission algorithm cannot be applied when we have a
Málaga atmospheric turbulence model with pointing error. This
result was confirmed by the Monte-Carlo simulation (shown in
Figs. 2–7). Detailed explanation is given in Appendix 2.

4.4 Truncated channel inversion with fixed rate

Since the CIFR algorithm may exhibit a large channel capacity
penalty, or is not feasible at all, a modified channel inversion
algorithm is proposed where only the transmitted power is adapted
according to the channel state provided that the received SNR is
above a certain cut-off SNR g0 [24], resulting in

⟨C⟩tifr = Blog2 1 + 1
∫g0

∞g−1 f g g dg
1 − Pout (26)

where Pout represents outage probability, defined as:
Pout = ∫0

g0 f g g dg. Integrals and Pout from equation (26) can be
solved by using equations (07.34.21.0085.01) and
(07.34.21.0084.01) from [33].

For heterodyne detection we obtain

⟨C⟩tifr
B Het

= log2 1 + 2g0

I(Het)
1 − P(Het) (27)

where

I(Het) = ln(2) ∑
k = 1

β
bkG2, 4

4, 0 ηg0
ξ2 + 1, 2
1, ξ2, α, k

(28)

P(Het) = ln 2
2 ∑

k = 1

β
bkG2, 4

3, 1 ηg0
1, ξ2 + 1
ξ2, α, k, 0

(29)

For IM/DD we obtain

⟨C⟩tifr
B DD

= log2 1 + g0

I(DD)
1 − P(DD) (30)

where

I(DD) = 2αln 2
16π ∑

k = 1

β
2kbkG3, 7

7, 0 η2

16g0
ΞItifr

ΘItifr
(31)

where we have denoted

ΘItifr = 1, ξ2

2 , ξ2 + 1
2 , α

2 , α + 1
2 , k

2, k + 1
2 and ΞItifr =

ξ2 + 1
2 , ξ2 + 2

2 , 2 .

We also have

P(DD) = 2αln 2
16π ∑

k = 1

β
2kbkG3, 7

6, 1 η2

16g0
ΞPtifr

ΘPtifr
(32)

where

ΘPtifr = ξ2

2 , ξ2 + 1
2 , α

2 , α + 1
2 , k

2, k + 1
2 , 0 and ΞPtifr =

1, ξ2 + 1
2 , ξ2 + 2

2 .

Equations (27) and (30) can also be approximated for high SNR
values by using the procedure outlined in Appendix 3. Results of
approximation of these expressions are presented in Figs. 2–7.

5 Numerical results and discussion
In order to discuss the use of adaptation techniques, numerically
obtained results are also presented graphically. Results of
approximate high-SNR expressions for ORA, OPRA and TIFR
adaptive transmission algorithms in case of moderate turbulence
scenario for IM/DD and heterodyne detection are also graphically
presented. Furthermore, the obtained results are confirmed by
Monte-Carlo simulations. The simulation results are presented
graphically in the case of strong turbulence scenario for IM/DD
and heterodyne detection.

In this section, we compare average capacity for FSO
communication over Málaga atmospheric turbulence channel with
pointing error and path loss for IM/DD and heterodyne detection
by using ORA, OPRA, CIFR and TIFR algorithms for adaptive
transmission. For the analysed adaptive transmission algorithms,
we compare the average capacity for different strengths of
atmospheric turbulence. Following parameters are assumed for
FSO link: link length L = 1 km, wavelength λ = 785 nm,
Ω = 1.3265, b0 = 0.1079, ρ = 0.596. Parameters used for weak,
moderate and strong turbulence regimes are listed in Table 1. 

Numerical results represent ensemble averages obtained by
evaluating derived analytical forms, while the simulation uses
direct averaging of N independent channel realizations. Simulation
procedure uses inverse transform sampling to generate the
realisations of Málaga channel with pointing errors corresponding
to (10).

Fig. 2 represents capacity for adaptive transmission algorithms
over weak turbulence for IM/DD. Fig. 3 represents capacity for
adaptive transmission algorithm over weak turbulence for
heterodyne detection. Both figures show that there is a higher
capacity available when using ORA and OPRA algorithms.
Capacity of channel inversion is less than that of ORA and OPRA
algorithms. Same applications may require constant rate
transmission and reduced complexity at a cost of decreased
capacity. TIFR algorithm has less capacity than ORA and OPRA.
From the presented figures it can also be seen that higher channel
capacity is achieved for heterodyne detection. For example, at SNR
of 40 dB, the ORA capacity is 11.4 bits/s/Hz for IM/DD. For same
value of SNR and heterodyne detection, ORA capacity is 12.9 
bits/s/Hz.

Fig. 4 represents capacities and their high-SNR approximations
for adaptive transmission algorithms over moderate turbulence for

Table 1 Turbulence conditions and parameters
Parameter Weak Moderate Strong
Cn

2 [m−2/3] 7.97 ⋅ 10−15 3.33 ⋅ 10−14 9.2 ⋅ 10−13

σR
2 0.35 1.47 40.5

α 7.52 4.06 9.765
β 6 2 1
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IM/DD. Fig. 5 represents capacities and their approximate values
for adaptive transmission algorithms with heterodyne detection
over moderate turbulence. For both types of detection, shown in
Figs. 4 and 5, capacity decreases with increased turbulence
strength. Also, higher capacity is achieved for heterodyne
detection. Increasing turbulence strength has more influence on
TIFR algorithm than on ORA and OPRA algorithms. Also, Figs. 4
and 5 show that the results of the approximations for higher SNR
values are in good agreement with the obtained analytical results.

Fig. 6 represents capacities and corresponding Monte-Carlo
simulations results for adaptive transmission algorithm over strong
turbulence for IM/DD. The analogous results for heterodyne
detection are shown in Fig. 7. Strong turbulence affects both types
of detection for all considered adaptive transmission algorithms,
resulting in lower channel capacities. In all presented figures we
observe that the performance gap between different adaptive
transmission algorithms decreases with decreasing turbulence
strength. For example, we consider TIFR algorithm with
heterodyne detection for SNR of 40 dB, resulting in capacity of
12.54 bits/s/Hz for weak turbulence, 11.19 bits/s/Hz for moderate
turbulence and 10.048 bits/s/Hz for strong turbulence. Similarly, if
we consider strong turbulence and IM/DD, we can achieve
capacity of 4 bits/s/Hz for 18.7 dB of SNR when using ORA, 20 dB
when using OPRA, and 27.5 dB when using TIFR. When using
heterodyne detection in the same turbulence conditions, the same
capacity level is achieved for 13.7, 14 and 17.5 dB when
employing ORA, OPRA and TIFR algorithms, respectively.

We have encountered a difficulty in simulation procedure when
trying to confirm zero-capacity of CIFR transmission with
heterodyne detection. Let N denote the number of independent
simulation runs. By increasing N one should expect to obtain the
results that are progressively in closer agreement with analytical
results. However, there are cases where the required number of
simulation runs is higher than practically feasible. One such
example is the CIFR adaptive transmission for the case of
heterodyne detection considered in this paper (see Fig. 7). By
examining closely the cumulative distribution function of the
random variable involved, we notice that for average SNR of 50 dB
and number of simulation runs of N = 106, we can rarely expect
any realisations of random variable that are lower than −10 dB.
Cumulative probability that the SNR falls below this threshold
level is about 10−6, i.e. approximately 1/N. On the other hand, the
obtained simulation dataset is equivalent of CIFR adaptation
excluding realisations below the −10 dB threshold, since we
almost never get any. Even if we increase the number of simulation
runs to 1012, we would only be able to account for realisations
above −70 dB in this example, which is still not adequate to
demonstrate close agreement with analytical results. Accurate
simulation of such processes requires advanced simulation
techniques which are not considered here further. Therefore, the
perceived SNR threshold in our simulations decreases as 1/N for
the heterodyne case. When considering IM/DD systems, the
problem is easily overcome with increasing the number of
simulation runs, as the perceived threshold decreases with 1/N2.

6 Conclusion
We have investigated capacity for FSO communication over
Málaga atmospheric turbulence channel with pointing error and
path loss for IM/DD and heterodyne detection.

Analytical expression in closed form for ORA, OPRA and
TIFR adaptive transmission algorithms are derived. We show that it
is not possible to achieve any definitive channel capacity when
using CIFR adaptive transmission algorithm over the proposed
channel model. For the proposed model of atmospheric turbulence
(for both types of detection and for different atmospheric
turbulence strengths), channel capacity of CIFR adaptive
transmission algorithm tends to zero. Obtained results are
numerically evaluated and graphically presented for different
strength of atmospheric turbulence (weak, moderate and strong)
and for both types of detection (IM/DD and heterodyne).

Results of asymptotic high-SNR approximate expressions for
ORA, OPRA and TIFR adaptive transmission algorithms are

graphically presented for the case of moderate turbulence scenario
and both detection types. Also, the obtained results are confirmed
by Monte-Carlo simulations. The simulation results are graphically
presented for the case of strong turbulence scenario, for IM/DD
and heterodyne detection.

We have shown that heterodyne detection is better than IM/DD
and provides greater reliability and capacity for all proposed
turbulence scenarios. Although heterodyne detection has better
performance, IM/DD is more often used in commercial systems
due to its simple design.

ORA and OPRA adaptive transmission algorithms allow higher
channel capacities when compared to TIFR algorithm. The
advantage of ORA and OPRA algorithms is in their flexibility that
allows control of data rate by adjusting the power of the
transmitter. By increasing or decreasing the transmitted power, we
have an additional degree of freedom to increase or decrease the
data rate. On the other hand, TIFR algorithm is applied in systems
that require constant data transfer rate so it is not possible to
perform rate adaptation as in ORA and OPRA algorithms. The
main advantage of fixed-rate algorithms is their simple
implementation, regardless of the fact that they exhibit lower
values of channel capacity. Also, we note that turbulence strength
has more significant effect on TIFR algorithm than it has on ORA
and OPRA.
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9 Appendix
 
9.1 Appendix 1: OPRA adaptive transmission algorithm

Integral I1 = ∫g0
∞ln g f g(g)dg for OPRA is somewhat complicated

to solve. It consists of 1/g, logarithm function, and Meijer's G-
function, from combining equations (10) and (20). We solve this
integral using the partial integration method
∫a

budv = (uv) a
b − ∫a

bvdu where we take u = ln(g) and

dv = 1
gG1, 3

3, 0 ηg
1
r

ξ2 + 1
ξ2, α, k

dg.

For IM/DD and heterodyne detection, antiderivative v is
obtained using equation (07.34.21.0003.01) from [33]

v = G2, 4
3, 1 ηg

1, ξ2 + 1
ξ2, α, k, 0

(33)

First term in partial integration rule is

(uv) a
b = ln g G2, 4

3, 1 ηg
1, ξ2 + 1
ξ2, α, k, 0 g0

∞

For g → ∞, we apply the L' Hopital's rule, yielding

I11 = lim
g → ∞ ln g G2, 4

3, 1 ηg
1, ξ2 + 1
ξ2, α, k, 0

= 0, (34)

and we write: I12 = ln g0 G2, 4
3, 1 ηg0

1, ξ2 + 1
ξ2, α, k, 0

, for g = g0. Second term

in partial integration equals

∫
a

b
vdu = ∫

g0

∞
g−1G2, 4

3, 1 ηg
1, ξ2 + 1
ξ2, α, k, 0

dg (35)

We solve this integral using equation (2.24.2/3) from [32]

I13 = G3, 5
4, 1 ηg0

1, ξ2 + 1, 1
0, ξ2, α, k, 0

(36)

Integral I1 therefore equals I1 = ∑
k = 1

β
bk I11 − I12 − I13 . Integral

I2 = ln g0 ∫g0
∞ f g g dg is solved using (07.34.21.0085.01) from [33],

yielding

I2 DD = ln g0

16π ∑
k = 1

β
bk2α + kG3, 7

7, 0 η2

16g0
Ξopra

Θopra
(37)

I2(Het) = ln g0 ∑
k = 1

β
bkG2, 4

4, 0 ηg0
ξ2 + 1, 1
0, ξ2, α, k

(38)

Final closed-form expressions for OPRA adaptive transmission
algorithms are given in Section (4.2).

9.2 Appendix 2: CIFR adaptive transmission algorithm

To determine the capacity of CIFR transmission, we need to
evaluate the following expression:

∫
0

+∞ 1
x f g(x) dx, (39)

where f g(x) corresponds to (10). Results of Monte-Carlo
simulations indicate that the value diverges, but we are set to
formally prove so. Since there are multiple summands if β > 1, we
need to prove that at least one of them

∫
0

+∞ 1
x2 G3 0

1 3 η x1/r ξ2 + 1
ξ2, α, k

dx (40)

diverges for the specified k. The constants that are non-essential for
integration are neglected. Simple change of variable allows the
scaling factor η to be left out, and we further concentrate on the
case of k = 1. The improper integral has a singular point x = 0 that
presents a problem for integration. Therefore, we want to prove
that the integral diverges in arbitrary small ϵ-neighbourhood of the
singularity

J = ∫
0

ϵ 1
x2 G1, 3

3, 0 x1/r ξ2 + 1
ξ2, α, 1

dx → + ∞ (41)

We first notice that the following limit exists:

lim
x → 0+

1
x1/r G1, 3

3, 0 x1/r ξ2 + 1
ξ2, α, 1

= Γ(α − 1)
ξ2 − 1 (42)

Furthermore, if the function under the limit operator monotonically
decreases with x, we can simply use the comparison test to write

Γ(α − 1)
ξ2 − 1 ∫

0

ϵ dx
x2 − 1/r ≥ J ≥

G1, 3
3, 0 ϵ1/r ξ2 + 1

ξ2, α, 1
ϵ1/r ∫

0

ϵ dx
x2 − 1/r

(43)
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Since the p-integrals in the above inequality diverge for r ≥ 1, this
would be enough to prove that J also diverges. In the case of
monotonically increasing function, we get similar inequality with
the sense of comparison operators reversed, and the same outcome
that J diverges. Thus, we prove that CIFR adaptive transmission in
the strict sense is not feasible for the analysed system model.

9.3 Appendix 3: Approximate capacity for high SNR

Analytical expressions for the channel capacities of ORA, OPRA
and TIFR adaptive transmission algorithms for IM/DD and
heterodyne detection are presented in (17), (18), (23), (24), (27)
and (30). Moreover, these expressions can be closely approximated
by simpler ones for high SNR values. We start the procedure by
finding the derivative of Meijer G function with respect to SNR

k = d
d SNR Gp, q

m, n C0 ⋅ 10− SNR
10

a1, …, ap

b1, …, bq
, (44)

where

C0 = 1
c

αβκ γ + Ω′
γβ + Ω′

r .

By applying simple change of variable z = C0 ⋅ 10−SNR/10, and
equation (07.34.20.0002.01) from [33], we express the derivative
as

k = − ln 10
10 Gp + 1, q + 1

m, n + 1 z
0, a1, …, ap

b1, …bm, 1, bm + 1, …, bq
(45)

The form of approximate expression for channel capacity is then

⟨C⟩(a)

B = constant × n0 + k0 ⋅ SNR[dB] , (46)

where we denote k0 = limz → 0+ k. Parameter n0 is obtained as

n0 = lim
z → 0+ Gp, q

m, n z
a1, …, ap

b1, …, bq
+ 10 k0log10

z
C0

(47)

Approximations of channel capacity are obtained by applying the
procedure to (17), (18), (23), (24), (27) and (30). For example, the
approximate high-SNR channel capacity of direct-detection ORA
transmission becomes

⟨C⟩ora
B DD

≃ ∑
i = 1

β
bini + ∑

i = 1

β
biki SNR[dB], (48)

where

ki = ln 10
10

1
2ξ2 Γ(α)Γ(i)

ni = Γ(α)Γ(i)
ξ2 ln βγ + Ω′

αβκ(γ + Ω′) 2π

+ 1
2 − 1

ξ2 + Ψ(i) + Ψ(α)

(49)

In the above expression for coefficients ni, symbol Ψ( ⋅ ) stands for
the digamma function defined as (06.14.27.0002.01) in [33].
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