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Abstract—In this paper we consider the concept of statistical causality in continuous time between
filtrations associated with stopping times, which is based on Granger’s definition of causality.
Especially, we consider a generalization of a causality relationship “H is a cause of E within F” from
fixed to stopping time. Then we apply the given concept of causality to strongly orthogonal stopped
martingales. We show the equivalence between the given concept of causality and orthogonality of
stopped local martingales, too.
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1. INTRODUCTION
We consider causality in continuous time which unifies the nonlinear Granger’s causality with some

related concepts. Here, the concept of causality is analyzed using the tool of conditional independence
among the σ-fields.

The Granger causality is focused on discrete time stochastic processes (time series). But, in many
cases, for example in economy and finance, it may be difficult to capture relations of causality in discrete-
time model and it may depend on the length of interval between each sampling. So, continuous time
models become more and more frequent in econometrics (see, for example, [1–6]). In this paper we
will consider the continuous time processes. The continuous time framework is fruitful, not only for
the internal consistency of economic theories but also for the statistical approach to causality analysis
between stochastic processes that rapidly evolve (see [7]).

The paper is organized as follows. After Introduction, in the Section 2 we present a generalization of
a causality concept “H is a cause of E within F”, which involves prediction in any horizon in continuous
time. This concept is based on Granger’s definition of causality (see [3]). The concept of causality in
continuous time associated with stopping times with some basic properties is introduced in [8]. In this
paper we give some new properties of causality concept between stopped filtrations and between stopped
processes.

The given concept of causality can be connected with the stable subspaces ofHp (see [9]) and with the
orthogonality of martingales (see [10]). Also, weak solutions and local weak solutions of the stochastic
differential equations driven with semimartingales, as well as solutions of martingale problem can be
expressed using the given concept of causality (see [6, 11]). The preservation of the martingale property
is directly connected with the concept of causality (see [12]).

The Section 3 and Section 4 contain our main results. The Section 4 relates the given concept of
statistical causality in continuous time to the orthogonality of stopped martingales and stopped local
martingales. Also, we investigate the case when the processes are stopped by the different stopping
times.

Some applications in finance are given in the Section 5. More specifically, we showed that the given
concept of causality is strongly connected with the question of locally risk minimization strategy for
defaultable claims.
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