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We present a hybridization of the accelerated gradient method with two vector directions. This hybridization is based on the usage of
a chosen three-term hybrid model. Derived hybrid accelerated double direction model keeps preferable properties of both included
methods. Convergence analysis demonstrates at least linear convergence of the proposed iterative scheme on the set of uniformly
convex and strictly convex quadratic functions. The results of numerical experiments confirm better performance profile in favor

of derived hybrid accelerated double direction model when compared to its forerunners.

1. Introduction

The main goal herein is to derive an efficient optimization
method for minimization of an objective function f: R" —
R. Therewith, we assume the function f is uniformly convex
and twice continuously differentiable. Furthermore, for the
gradient and the Hessian of the function f at the k-th iterative
point we use the next notation:

gk (x) = f (%) »

Gi (%) =72 f (%)

The general form of the iterations for finding the extreme
values of the objective function f is given by the next
expression:

)

Xjer1 = X + tiedy, (2)

where x; is the current, x;,; is the next iterative point, f;
is iterative step length value, and d, is an iterative vector
direction which leads us to the solution of the problem.
Certainly, t, and d; are the most important issues of an
optimization model (2) and they generate the efficiency of
a relevant method. For that reason, the way of defining
these two crucial elements is of great importance for each
minimization scheme.

In one of the first algorithms for solving unconstrained
optimization problems, denoted as the steepest descent gra-
dient method which is exposed by Cauchy, the iteration is
defined as

Xps1 = Xk — LG (3)

and here, the descent direction is simply presented as the
negative gradient vector, while iterative step size value is
calculated by the exact line search formula:

t; = arg min f (xp +tdy). (4)
Furthermore, in the general Newton method

-1
Xir1 = X — G Gl €)

the vector direction is calculated as the product of the inverse
Hessian and the gradient of the objective function. Defining
the vector direction in this way guarantees fast convergence
properties, but still, practical computing of the function Hes-
sian and its inverse can be difficult. And so, many modified
Newton, Newton-conjugate, and quasi Newton schemes were
developed in which the calculation of the Hessian and its
inverse is, somehow, avoided.

In the quasi-Newton methods the Hessian of the goal
function or its inverse is approximated by the adequately
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defined matrix. Using this type of methods we generally
reduce the time of computations since we avoid the com-
plicated calculations in deriving the Hessian of the objective
function. Nevertheless, the methods of quasi Newton type
preserve good properties of the Newton method. For these
reasons, in this paper, we propose the method of quasi
Newton type where the value of the iterative step size
parameter f; is obtained by the inexact Backtracking line
search procedure.

In the second section we give an overview of some
accelerated gradient methods and hybrid iterations. We elab-
orate the deriving of the hybrid accelerated double direction
method and restate the algorithm in the third section of this
paper. In the fourth section we give a convergence analysis
regarding the proposed iteration. Numerical experiments and
comparison are presented in the last section of this paper.

2. Preliminaries: Accelerated Gradient
Methods and Hybrid Iterations

The authors in [1] rightfully detected a class of accelerated
gradient descent methods, defined by the general iterative
scheme

Xjey1 = X — Vlzltkgk- (6)

In the previous expression, y; presents an iterative accelera-
tion parameter which improves performance of the relevant
method. A common way to determine this parameter is
through the features of the second-order Taylor’s series taken
on appropriate scheme (6). Acceleration parameters that
were computed in such way are applied in the methods
described in [1-5]. According to the iteration form (6), we
can conclude that the accelerated gradient methods are of
the quasi-Newton type in which the approximation of the
Hessian, i.e., its inverse, is obtained by the scalar matrix yI,
where I is appropriate identity matrix and y, = y(xg, x¢_;)
is the matching acceleration parameter. Here are several
expressions for defining the acceleration parameters of some
accelerated gradient schemes:

v f (o) = f ()] + gl

SM
YVier1 = 29, (7)
o 2 o
(SM method [1])
ADD f (i) = f () = “kng (“kdk - lelgk)
Vk+1 =2 ) T 1 > (8)
(“kdk ~ Yk gk) (‘xkdk ~ Yk gk)
(ADD method [4])
ADSS f (xk+1) - f ('xk) + (ock))k_1 + ﬁk) “gk"2
Y1 = 2 )

(ageye + /3k)2 ||9k||2
(ADSS method [2])

VIZ":XIDSS _ 2f (%s1) = f (i) + y “gkllz’ (10)

A
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(TADSS method [5])

Vi [ (i) = F ()] + (o + D 13 e

HSM
=2 ) 2
(o + 1) [ i

Yer1 = “Vk

» (1)

(HSM method [3]).

An interesting concept of merging iterations through the
hybrid expression was suggested in some research articles
(see [6-8]). Some of representations are given by the next set
of iterations:

u, =ucC,
(12)
l/lk+1 = TT/lk, k € N,
v, =veC,
(13)
Vi = (1—aq) v + o4 T, k€N,
z,=z¢€C,
Zir = (1= o) 2 + o Ty (14)
e =1-B)z+ BTz, keN,

where T : C — C is a mapping defined on nonempty
convex subset C of a normed space E, vy, z;, and y; present
the sequences defined by proposed iterations, and {o }, {8} €
(0, 1).

In [9] it was proved that the hybrid method

x; =x€eR,

X = Do (15)

Ve=(1-o)x +o4Tx,, keN,

proposed by Picard, Mann, and Ishikawa, upgrades the
hybrid models mentioned above. The authors of [3] used the
advantages of the hybrid model (15) and derived a hybrid
version of the accelerated gradient SM method from [1],
termed the HSM method and defined by

X1 = x5 — (o + 1) ¥ G (16)

Numerical tests from [3] confirmed that the hybrid model
(16) upgrades its forerunner SM iterative rule.

3. HADD Algorithm

We are motivated by the confirmed advantages which were
approved in [3] when the scheme (15) was applied on the
SM method. As a result, the hybrid SM model (called HSM)
was defined and tested in [3]. Herein, we apply the same
hybridization strategy to the accelerated double direction
method (ADD method, shortly), introduced in [4]. Derived
scheme will be based on the hybrid scheme (15) and with that
it keeps the accelerated features of the ADD iterations.

In order to complete the presentation, we start from the
ADD iteration:

-1 2
X1 = Xk — bV Gkt de 17)
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1: Compute
d; if k<m-—1
dk(t) =4 m

if k>m,

i—1 g%
zt dk—i+1
i=2

2: Return dy = dj.

Require: Objective function f(x), gradient g, and stepsize t,.

where t =t is the step size, d; is the solution of the problem min ., ®,(d), and

T 1 1
Oy (d) = Vf () d + EanI = g,fd + EkaL

ALGORITHM l: Procedure Second direction (calculation of the second direction vector dy).

where t; is appropriately defined step size, the first direction
vector is given by —y g = —(y£°P) ' g, and the second
one, d,, is determined based on the next procedure Second
direction. That procedure was introduced in [4], which was
derived as a practical appearance of the more general proce-
dure considered in [10]. The procedure Second direction is
restated in Algorithm 1.

Remark 1. For further investigation within this topic, the
second direction d) in the ADD iteration can be defined
differently. For example, in [11] the authors proposed direc-
tional k-step Newton methods for solving a single nonlinear
equation in n-variables. Accordingly, they established the
semi-local convergence analysis for these models, based on
two different approaches. The first one is based on recurrent
relations, while the other, more preferable, is established
using recurrent functions. Using one (or both) approaches
from [11] in determining the second direction dj. in the ADD
method as well as in its hybrid version can be an interesting
topic in further research.

Applying the hybrid scheme (15) on the iterative rule (17),
we get the hybrid iterative scheme

x;=x€eR,
Xar = TV = Y= 0¥ i+ tidgo
Vi = (1= o) xp + g Ty (18)
= (1 - o) ¢ + oy (xi — By g + 1)
= X — ot ye gk + ocktidk, k eN.

After replacing the third expression from the set of equations
(18) into the second one, the next iterative rule follows:

X = % — (g + 1) By ge + (o + 1) tpdi. (19)

To simplify further calculation, we will use a constant
value for the parameter oy, € (0, 1) in (19), just like the authors
did in [1, 9]. So, in (19), instead of & + 1 € (1,2) we simply
take « € (1,2). Now we can restate a hybrid ADD method, or
the HADD iterative scheme, as follows:

Xy = Xp — octky,zlgk + octidk, a€(1,2). (20)

Yet, we need to determine the iterative value of the
accelerated parameter y, = PP, As we mentioned
previously, this parameter can be appropriately defined using
Taylor’s expansion of the proposed iteration (20) in two

successive iterative points:

N =

F () = f (x) + gt (tidk - tk%:lgk) +
o’ (tidk - tk%:lgk)T V2 f (@) (21)

: (tidk - thIzlgk)-

The parameter & in the previous expansion fulfills the condi-
tion

§ € % X ]
E=xp + k(X — Xp) = X + K(octidk - octkylzlgk) , (22)
0<k<1.

In the next relation we substitute the value /> f(&) from (21)
by the scalar matrix y;_,I, which leads to

f (xk+1)

= f(x) + geox (fidk - tk%:lgk) (23)

1, 2 -1 \T/2 1
5% Ykt (tkdk — LY gk) (fkdk — Yk gk)-
From (23), it is possible to derive the approximation factor
YVirr = Ye4PP of the HADD scheme:

HADD _
Yi+1 = Vi+1

~ 2f (xps1) = f (x3) — agg (tlzcdk - fk%;lgk) (24)
- — i )
oty (tedi — v gk) (tedi — v ' 9x)

With the aim of preserving the Second-Order Neces-
sary Condition and Second-Order Sufficient Condition, we
assume positivity of the acceleration parameter: y,,; > 0.
In practical computation, it is possible that (24) generates
negative value for y,,. We resolve this situation by taking
Vie1 = 1 in such cases. As a consequence, then the first



Mathematical Problems in Engineering

1.t =1.
2: While f(x, +td,) > f(x;) + otg; d,, take t := tB.
3:Returnt, =t.

Require: Objective function f(x), the direction d, of the search at the point x;, and numbers 0 < ¢ < 0.5and 8 € (0, 1).

ALcoriTHM 2: The Backtracking line search procedure.

6
7:1f Y,y < O take yp,, = L.
8: Set k := k + 1 and go to Step 2.
9: Return x;,; and f(x,,).

Require:0< p<1,0<7<1,x, € R"and « € (1,2).
1: Set k = 0. For given x, take y, = 1 and calculate f(x,) and g(x,).
2:If ||gill < €, then return x,, f(x;) and stop the algorithm, else continue by the next step.
3: Compute the iterative step length, ¢,, by Algorithm 2.
4: Compute second vector direction, d,, by the rule Second direction described in Algorithm 1.
5: Compute x,, using (20), then calculate f(x,,,) and g;,,.
: Calculate the approximation parameter y,,, using (24).

ALGORITHM 3: HADD method.

vector direction becomes the negative gradient vector —gj. In
this special case, the next iterative point of the iteration (20)
becomes

2
Xjyo = Xpp1 — K1 Gper + ‘th+ldk+1' (25)

In order to present the main HADD algorithm, we
need two additional auxiliary procedures. The first one is
previously displayed Algorithm 1, by which we calculate
the second vector direction, d. The second procedure is
the Backtracking line search algorithm for calculating the
iterative step size value.

Algorithm 3 describes the main algorithm, termed the
HADD algorithm.

4. Convergence of the HADD Method

The convergence properties of the established HADD itera-
tive method are considered on the set of uniformly convex
and strictly convex quadratic functions. In the case of
uniformly convex functions the statements are the same as
exposed in [1, 4]. For that reason, we just restate the following
lemma, in which decreasing of the objective function in two
successive points is estimated with respect to the HADD
scheme. Thereupon, the upcoming theorem confirms linear
convergence of our hybrid accelerated model.

Lemma 2. Suppose the function f is twice continuously
differentiable and uniformly convex on R". With that, let the
sequence {x;} be generated by Algorithm 3. Then the next
estimation is true

f () = f () = il (26)
where
e

Theorem 3. For the twice continuously differentiable and
uniformly convex function f on R" and the sequence {x;}
generated by Algorithm 3, the following holds:

Jim g, =o. (28)

Therewith, the sequence {x;.} converges to the optimal solution
at least linearly.

We show now that the iteration (20) is convergent
regarding the set of strictly convex quadratic functions

fx) = %xTAx ~bx. (29)

In (29), it is assumed that A is a real # x n symmetric positive
definite matrix and that vector b € R”" is given. The smallest

and the largest eigenvalues of the matrix A, respectively, are
denoted by A, and A,

Lemma 4. Let f be the strictly convex quadratic function
defined by (29), where A € R™" is a symmetric positive
definite matrix. Let A, and A, be the smallest and the largest
eigenvalues of A. Then, the following inequalities are valid for
the hybrid accelerated gradient model (20):

41
A< Bt 20 pe, (30)
tk+1 o

Proof. Let us calculate the difference in two successive itera-
tive points of the goal function (29):

17 T 1
f () = f () = Exk+1Axk+1 —b Xy - ExkAxk
(31)

+ bT.xk.
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Including the iteration (20) we continue computations:

-1 2 T
(xk — oty gy + ctidy )

f () = f () =

NS

-1 2
<A (0 — oty gi + adidy)
_ 1
- (xk — oty g + octidk) - Eszxk +b'x,

l T 1 1T I oo 1
= ExkAxk - E“thk g Axy + EoctkdkAxk -5

) ) (32)
-1 T 2,2 -2 T
oty g Axg + 2%tV I Adr — 3

3 -1,T 1 oo 1 53 11
“atyy, diAgy + E‘xtkdkAxk — 3¢ tiVe A Adi

1 -
+ EaztidzAdk ~b'x + octkyklegk - octidek

1
- Eszxk +b'x,.

Applying the equality g, = Ax;, — b and the symmetry
property of A, we get

f (k) = f () = —atiy " gy Ay + autdy Ax,

T
- a’tyy; dy Agy

I 22 27
oo teVie Ik Adk

(“fkgif - (12) &ty g A+ (1/2) “ZtidzA) (tkdk - V}Zlgk) — atigy (tkdk - V;Zlgk)

1 _
+ EaztidzAdk + oty "',

21T
- Oltkb dk'

(33)

The right hand side of the previous expression can be
further transformed as follows:

f () = f (xq) = atyy! (ngk - szgk)
+ octi (szdk - dek) - aztzygldzAgk + %

20T 1 T
-ty g Ady + E“Ztidk Adj,

DO | —

= atgy (tkdk - Y}Zlgk) - G
34

N | —

Loy g A (i — v i) +
- EALA (tdi — Vi i)

= (octkg;f - %aztiﬁ G A+ %“Ztidff‘Q
: (tkdk - yk‘lgk)-

The replacement of f(x;,;) — f(x;) by the right hand side of
(34) into (24) leads us to

. (35)

Yi+1 =

After some calculations, we obtain

(fkdk - yk"gk)T A (fkdk - Yzzlgk)

. (36)
T -
(tdk = v 91)” (e — v 9x)

Yi+1 =

Previous expression confirms that ., is the Rayleigh quo-
tient of the real symmetric matrix A at the vector t,d,.—y; ' gy
which leads us to the conclusion

M <V <A, keN. (37)

The left hand side in inequalities (30) arrives from the fact
0 <ty < L. To prove the right hand side of (30), we use the
estimation [[3], eq. (3.8)]:

B(1-0)y
tk> T (38)

Previous inequality implies

Yi+1 Lo )
el B(1-o0)

(39)

T -
o? (thdi =ty g) (G =ty ' ge)

We can approximate the Lipschitz constant L by the largest
eigenvalue A, and use the fact that « < 2, 0 < 0 < 0.5 and
B € (0,1). Then (39) is restated to

Vi1 La < 2/\71 :4An
ten B(A-0) 0-05 ’

(40)

Estimation of the Lipschitz constant L by the largest eigen-
value A, is certainly valid since the matrix A is symmetric
and g(x) = Ax — b. From these two facts we conclude that

lg G =g )l = Ax - Ay] = A (=)l

< Alx =y = A, lx = ¥l

which completes the proof. O

Theorem 5. Let the iterations (19) be applied on strictly convex
quadratic function f given by the expression (29). Suppose that
the condition

2M

A, < — (42)
o



holds for the largest and the smallest eigenvalues of symmetric
positive definite matrix A. Then, the following estimations are
true:

(pE) <82 ()

2 2 (43)
(@) <A (a)
where
_ O-Al An _
5—max<[1—2—/\n,/\—1 1} (44)
and pf,qﬁ‘ € R, k,i,n € N. Therewith
Jim lgel = 0. (45)

Proof. Let us consider the orthonormal system of eigenvec-
tors {v;, v,, ..., v,} of the matrix A. Thereon, we construct the
sequence of values {x;} by applying Algorithm 3 on strictly
convex quadratic function f defined by (29). Then, for some

k € N and for some constants plf,p;‘, .. ,ps,q’f, qg, . ,qfl €
R it follows that
gk =Ax—b= ZP:’(V;"
i=1
’ (46)
-k
dy = Z% Vi
i=1
Applying (20), further we conclude that
G = A (X — oty ge + atidy) = b
) , (47)
= (I —at A) gy + ot Ady.
Having in mind the representation (46), one can verify
K+l
i1 = ZPi+ Vi
i=1
= Z ((1 - “tk)’lzl/\i) pi + octi/\iqf) 4 (48)
i=1
S 1 k 1Nk
= Z (1 — &by Ai) pivi+ “szf\iqz' Vi
i=1 i=1
To prove

() <8 (o) (@) < () @)

i.e., the inequalities (43), we only need to verify that

<o (50)

Vit

A, foralli e {1,2,...

oo
1-«

since [A;| < ,n}. There are two
possibilities:

1) ad; <ty
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This case implies the next set of inequalities:
1>a—_1=a_/\i.tk2a_/\1M
Vity Vi Y La
_ AB(1-0) N Ao -0.5 _ La.
L A 21,

As a consequence, we can conclude that

i

(51)

n

1My (52)

(2) “A’i > t,;lyk.
In this case, one can verify the following estimations:
. oc/\_il < al, /\i_l al,
thk /\1 thk Al

The representation (46) and the fact that {v;,v,,...,v,} is
an orthonormal system of eigenvectors lead to the next
conclusion

= |l-«

<

< 4. (53)

n
2 k\2
lgel” = > ()" (54)
i=1
Now, knowing that the parameter § under condition A, <
2\, /a satisfies 0 < § < 1, we confirm that the final statement
is true.

Jim gl =0 (55)
O

Remark 6. The assumption (42) used in the previous theorem
is required in order to prove that the HADD process is
convergent for the strictly convex quadratics. Therewith,
knowing that the hybrid parameter o € (1,2) implies A, /A, €
(1,2) points to the conclusion that Theorem 5 is applicable
to very few cases. However, this is not entirely so since
we choose only one particular value « € (1,2) for the
practical computations. Regarding this matter, the authors
in [3] numerically confirmed that the optimal value of the
hybrid parameter « is the one close to the left limit of the
interval (1, 2), i.e., the value which is very close to 1. Therefore,
we choose & = 1.1 for numerical tests displayed in the next
section. Choosing the similar values for hybrid parameter
«, the condition (42) becomes very close to the condition
A, < 214, used in [12], under which Q-linear convergence
rate of the preconditioned BB method was established.

5. Computational Tests and Comparisons

The performance of the C++ implementation of derived
HADD model is investigated on a set of 630 test uncon-
strained optimization problems picked from [13]. We conduct
the testings on a Workstation Intel Celeron 1.6 GHz. The
following stopping criteria are used:

lgell < 107,

|f Ceiar) = f (x50)] <1016 (56)
T
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TaBLE 1: Comparison between the HADD, ADD, and HSM methods
regarding the minimal number of function evaluations.

HADD ADD HSM =
Number of function evaluations 142 0 18 50

Comparative methods

The values of the Backtracking parameters are set up as
follows: o = 0.0001 and 3 = 0.8.

We compare the hybrid accelerated HADD method with
its forerunner ADD scheme, as well as with the hybrid accel-
erated HSM method. The number of function evaluations is
the performance profile measured in all tests. The dominance
of the ADD method regarding the number of iterations
among the other comparative models was confirmed in [4].
However, from that research we do not have any information
about the behavior of the ADD method when the number of
function evaluations is involved. With respect to this param-
eter, the HSM scheme upgrades the accelerated SM method
as well as Nesterov’s line search algorithm; see [3]. For these
reasons, our experimental goal is to numerically prove better
performance feature of the HADD method, considering the
number of function evaluations, when compared with the
ADD and the HSM method.

In Table 1, we display the number of problems, out of
630, for which an algorithm achieved the minimum number
of function evaluations. In the same table, we also display
the total number of problems for which all three algorithms
achieved an equal number of function evaluations. Based on
the results displayed in this table, it is obvious that the HADD
scheme convincingly outperforms the other two comparative
models.

For more clear visualization of the performance of the
HADD algorithm versus the ADD and the HSM algorithms,
we display in Figure 1 the Dolan-Moré’s performance profile
subject to the number of function evaluations metric. As we
can see, the HADD scheme is more robust and therewith
more efficient than the other two methods.

Obtained numerical results confirm that applied hybrid-
ization process is a good way to improve some important
characteristics of chosen accelerated methods. Preferable
outcomes of the HADD scheme, regarding analyzed char-
acteristic, come from the properly chosen hybrid value «,
together with derived accelerated parameter PP, Good
convergent properties of defined HADD process can be a
reason for applying proposed hybridization on some other
gradient and accelerated gradient models.

6. Conclusion

We present a hybrid accelerated double direction gradient
method for solving unconstrained optimization problems.
The HADD method is derived by applying good properties
of the hybrid representation introduced in [3] in conjunction
with the form of double direction optimization model with
accelerated parameter presented in [4]. The convergence
of defined optimization model is provided on the set of
uniformly convex and strictly convex quadratic functions.

7
1.0 4
0.8 |
0.6 |
=
04
0.2
0.0
T T T T T T T
0 2 4 6 8 10 12 14
T
— HADD
—— ADD
—— HSM

FIGURE 1: Performance profile for the HADD, ADD, and HSM
methods regarding the number of function evaluations metric.

The HADD scheme reserves preferable features of both
forerunner methods. Therewith, according to conducted
numerical experiments, it outperforms the ADD and HSM
methods regarding the requested number of function evalu-
ations. We evaluated the Dolan-Moré performance profiles of
comparative methods and showed that the HADD iteration is
the most efficient compared to the other two algorithms.
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